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Abstract 


A  procedure  discussed  in  previous  papers  for  the  calculation 
of  the  scattering  potentials  from  the  spectral  measure  functions 
associated  with  certain  eigenfunctions  of  the  continuous  spectrum 
of  the  perturbed  Hamiltonian, has  been  adapted  to  the  problem  of 
obtaining  the  scattering  potential  from  the  scattering  operator 
for  the  one -dimensional  Schr'ddinger  equation  (-00  <  x  <co), 
Examples  are  given  to  show  how  the  procedure  may  be  used. 
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1,       Introduction  and  Summary 

Several  writers   *■  -l»L  J>IPJ  have  recently  discussed  the  problem  of  obtaining 
the  scattering  potential  from  the  scatteiring  phases  for  a  variety  of  radial  wave 
equations,     "nieir  work  is  characterized  by  the  fact  that  they  require  the  per- 
turbed eigenfujictions  to  approach  the  unperturbed  eigenf unctions  at  the  origin. 
From  this  boundary  condition  and  from  specific  properties  of  the  unperturbed 
Hamiltonians  and  of  the  perturbation,   they  then  obtain  tte  Gelfand-Levitan  equa- 
tion L^-J^L  J,     In  the   special  cases  discussed  in    [l] ,    [2],    [3]   this  equation  was 
used  to  obtain  the  scattering  potential  in  terns  of  the  spectral  measure  function* 
By  showing  how  the  spectral  measure  function  can  be  obtained  from  the   scattering 
phases,  it  is  then  possible  to  deirlve  the  potential  in  tenns  of  the  phases. 

In  a  previous  paper  *-  -•  the  authors  provided  a  more  abstract  formulation  of 
the  problem  of  obtaining  the  scattering  potential  from  the   spectral  measure  function. 
It  is  the  objective  of  the  present  paper  to  illustrate  the  use  of  the   theorems  pre- 
sented there  by  considering  the  one-dimensional  wave  equation  (-oo<x<oo).     By 
showing  how  the  spectral  measure  function  can  be  obtained  from  the   scattering 
operator  S  one  can  then  calculate  the  potential  from  suitable  elements  of  S, 
Actually  this  one-dimensional  problem  has  already  been  treated  by  Kay^-"  using 
projerties  of  the  one -dimensional  wave  equation  discussed  by  Friedrichs  *- J  ,     T^y^ 
advantage  of  the  more  general  approach  of  the  present  paper  is  that  it  seems  to 
indicate  a  way  to  taickle  the  more  interesting  problem  of  three-dimensional  scatter- 
ing from  a  general   (i.e.,  non-symmetric)  potential. 

We  shall  use   the  notation  of   [6]  throughout,  and  indicate  the  identifications 
which  must  be  made.     For  the  representation  in  which  K  is  to  be  triangular  we  shall 
take  the  usual  x-representation,  i.e.,   q  »  x.     Furthermore,  we  shall  work  with 
eigenf unctions  <  x|H,A}E,a  >  which  approach  a  given  eigenfimction  <  x|H  ,A  ;E,a  > 
of  H    when  x  ->  -00,  in  contrast  to  previous  authors  who  put  boundary  conditions 
on  the  eigenf unctions  at  the  origin. 
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For  conciseness  we  shall  smrunarize  the  results  below  and  prove  them  in  sub- 
sequent sections. 

First,  let  us  define  the  reflection  coefficient  b(k).     Let  us  consider  solu- 
tions T  (x)  of  the  equation 


2 

(1.1)  [-  -^  *  ^^^^1  V^^  •  ^^  \^^^ 


dx 

which  satisfy  the  condition  that  it  represent  the  sum  of  an  incident  plane  wave 
and  an  'outgoing  wave',  i.e.,  which  satisfy  the  integral  equation 

+  00 

(1.2)      T^^^x)  .  e^^  -  |j^  j   e^'^l^-^'lv(x')  T°^^x')dx.. 


The  reflection  coefficient  b(k)  is  defined  by  considering  the  following  asymptotic 

form  for  ¥,  (x)  when  k  >  0 
k 

(1.3)     li^    T°''*(x)  =  e^""  +  b(k)  e"^^       (k  >  0). 
x->-oo 

The  reflection  coefficient  gives  the  anplitude  of  the  plane  wave  which  is  reflected 
toward  the  left  when  an  incident  wave  of  \init  amplitude  moves  toward  the  right. 

Though  we  have  defined  b(k)  for  k  >  0  only,  one  can  define  this  function  for 
k  <  0.  One  can  show  by  analytic  continuation 


(l.ij)         b(-k)  '    b*(k)         for  k  real 


where  the  asterisk  means  complex  conjugate. 

We  shall  show  that  the  potential  V(x)  can  be  obtained  from  the  knowledge  of 
the  reflection  coefficient  b(k)  alone  if  it  satisfies  certain  sufficient  conditions. 
(Some  of  these  conditions  are  also  necessary.) 
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Let  b(k)  have  the  form 


(1.5)  b(k)     =     g(k)  e"^^*^  (a  >  0) 


where 


(1.6)  ^g(k)     =     0(k"-'')  for    |k|  ^  00, 


Further  let  the  analytic  continuation  of  g(k)  have  positive  imaginary  residues  r. 
at  a  finite  number  of  poles  k.  »  i  f .  (j  =  1,2,  ...,n)  where  T.  >  0.  Then  if 

J  J  u 

the  equation 


X 

> 


(i.7)  <  x|K|x*   >  =  -  <  x|Q|x'  >  -  -^  (x+x'+2a)r  <  x|K  |x"  >dx"<  x"|0  |x 

-^(2a+x') 


.1  .1        . 

can  be  solved  for     <  x|K |x  >       (x  <  x)  where 

-.      /°°  -.1        .>  ^.(x+x'+aa) 

(1.8)  <  x|n|x'>  -  ^^  J       b(k)e-^(-*^' W  -  i^  r/^ 

/-co  "^ 

and   '?(x)   is  the  usual  Heaviside  unit  function 

1  for      X  >  0 

(1.8a)  ^  (x) 

''  '  0  for       X  <  0    , 

then  the   scattering  potential  V(x)  is  given  by 


(1.9)  V(x)     -     2  ^    <  x|R|x  >  . 


Furthermore 

(1.10)  <x|K|x'>    2    V(x)    s     0  when  X  <  -a 


-  u  - 

d^  2 

and  the  point  eigenvalues  of  -  — «-  +  V(x)  will  have  the  values  -t^.  Ihe  reflection 

dx  J 

coefficient  associated  with  V(x)  as  obtained  from  (1.9)  will  be  b(k),  as  reqxiired  by 

a  consistent  theory. 

One  will  be  able  to  obtain  a  unique  set  of  eigenfunctions  of  -  —^  +  V(x) 

coiresponding  to  the  continuous  spectrum 


(1,11)         T^^(x)  -  e^^  +  (  <  ^1^1*'  >  ®^^'  '^' 

/-co 


which  satisfy  the  boundary  condition 


(1.12)  lira        T  (x)     -     e^^^  . 
x-^-oo     ^ 

2 

The  eigenfunctions  corresponding  to  the  point  eigenveO-ues  - '? .  denoted  by  Y  .«<  (x) 

J 

are  given  by 

X 

(1.13)  T_^^    -  e   ^     +1     <  x|K|x'  >  e  "^       dx». 

J  /.CO 

The  normalization  of  the  eigenfunctions  T.  (x)  of  the  continuous  spectrum  given 
by  (1.11)  is 

+  00  +00 

(l.IU)         ^  I     T*(x)Yj^,(x)dx  +  ^^  I     Y*j,(x)  Tj^,(x)dx     -     6(k-k'). 

The  bound  states  are  orthogonal  to  eigenfunctions  of  the  continuous  spectrum, 
they  satisfy  the  following  orthogonality  relation  with  respect  to  each  other 

r  -1  '^'^A'^ 

(1.15)        Y  .^  (x)  Y  ,^  (x)dx  -  ±6.  r.^e       ^  . 
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The  eigenstates  T,^(x)  and  T  ,^  form  a  complete  set  and  satisfy  the  compieteness 

J 

relationship 

+  00  +00 

(1.16)  ^[f      Tj^(x)T*(x')dic  +   I       Yj^(x)b(-k)T*j^(x')dKl 

/-co  /-co 


2ra 

J  J  «J 


2,   The  one -dimensional  eigenfunctionsj  the  scattering  operator 
The  unperturbed  Hamiltonian  H  is  given  by 

,2 

(2.1)  I^ 2"  »         -00  <  X  <  +00, 

dx 

where  the  superscript  x  on  H^  signifies  that  the  operator  is  expressed  in  the  x- 
representation.     It  is  convenient  to  use  the  eigenf unction   |H  ,A  ;E,a  >  given  by 

(2.2)  <x|H,A  jE,a>-l£2li^     e^^  V^  , 

where  a  is  restricted  to  having  the  values  +1  or  -1.  The  degeneracy  variable 
a  corresponds  to  the  direction  of  the  momentum.  It  is  easily  verified  from  (2,2) 
that 

+  00 

(2.3)  <  H^,A^;E',a'|H^,A^;E,a  >  «  T  <  H^,A^jE> ,a« |x  >  dx  <  x|H^,A^;E  ,a  > 

/-oo 

-  6(E-E')  5^^^,  , 


where  5       .  is  the  usual  Kroneclcer  5.     It  can  also  be  verified  that 
a,a* 
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(2.U)         ^  f  |Ho,A^jE,a  >  dE  <  H^,A^;E,a|  -  ^  (H^), 
^  /o 

where  7(H  )  is  the  identity  operator  in  Hilbert  space  and  maps  remainder  of  the 
extended  vector  space  into  zero. 

The  perturbed  Hamiltonian  H  is  given  by 


(2.5)  H  -  H^  +  6  V. 


Initially,  we  shall  assume  that  <  x|V|x'  >  is  generally  not  diagonal.  Later 
we  shall  give  conditions  under  which  <  x|V|x»  >  is  diagonal,  i.e.,  has  the  form 

(2.6)  <  x|V|x'  >  -  V(x)  5(x-x«). 

We  shall  assume,  however,  that  <  x|V|x'  >  is  such  that  a  scattering  operator  exists, 
ITie  outgoing,  and  incoming  eigenf unctions  of  H  corresponding  to  the  continuous 
spectrum  satisfy  the  integral  equations 

+  00  +00 

(2.7)  <  x|H,A}E,a  >j  ■=  <  x|Hp,A^jE,a  >  ±  |  6(E)""'^^  I       (    exp(+  i  /E  |x-x'|)dx« 

/-co  /-oo 

<  X'  |V|x"  >  dx»<  X"  |H,AjE,a  >     , 
In  (2,7)  we  use  the  well-known  result 


(2.7a)  <  x|y^(E-H^)|x'  >  =  +  J  (E)'^/^  exp(-  i  ^^   |x-x'|)    . 


The  scattering  operator  and  its  inverse  can  be  represented  in  the  H  -representation 
by  (see  [6],  Part  I,  Eqs.  (U.12),  (U.20),  and  [6],  Part  II,  Eqs.  (3.7),  (3.8)) 


and 


where 
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(2.8)  <  H^,A^}E,a|S|H^,A^;ESa'  >  -  6(E-E«)  <  a|S(E)|a'  > 


(2.9)  <  H^,A^;E,a|S"^|H^,A^jE',a«  >  =  6(E-E')  <  a|S"^(E) |a'  >, 


(2.10)  <  a|S(E)|a'   >  -  6  -  2ni€  <  H^,A^jE,a|V|H,A-,E,a'  > 

+  00      +00 


lie   I         I     <  H^,A^;E,a|x  >  dx  <  x|V|x«  > 
/•oo   /-oo 


dx»  <  x'  |H,a;E,a'  > 


and 


.-1 


(2.1i)  <  a|S'-^(E)|a'  >  -  6^^^,   +  2nie  <  H^,A^}E,a|V  |H,AjE,a'  >^ 


+  00       +00 
^00    ''-oo 


^a  at   +  2ni6  <  H   ,A^}E,a|x  >  dx  <  x|V|x'  > 


a, a' 

-00    ''-oo 


dx'  <  x'|H,AjE,a">^    , 
For  future  reference  we  note  the  i^ciprocity  theorem 
(2.12)  <  H^,A^;E,a|V|H,A;E,b  >_  -  ^<  H,A;E,a|V|H^,A^;E,b  >  - 


-  <  H^,A^jE,b|V|H,AiE,a  >*  , 


where  the  asterisk  means  complex  con^gate. 
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If  <  x|V|x«  >  dies  down  sufficiently  rapidly,   the  asymptotic  forms  of 
<  x|H,A;E,a  >     are  related  to  <  a|S(E)|b  >  and  <  a|S     (E)|b  >  by 


(2.13)  lira         <  x|H,AjE,a  >_  -  <  x|Hjj,AQjE,a  >  +  <  x|H^,A^jE,  t  1  > 


[<tl|S(E)|a>-6^^^^] 


(2.1U)  lira         <  x|H,A;E,a  >^.  -  <  x|HQ,AQjE,a  > 

x->  ±00 


+  <  a|H^,A^jE,  7  1  >    [^<  ;  l|s'-^(E)|a  >  -6,  ^^^J, 


as  can  be  shown  from  (2,10)  and  (2,11). 


3,   Expression  for  the  weight  operator  in  terms  of  the  scattering  operator 
We  shall  now  express  in  terms  of  S  and  S"  the  operators  W  ,  "M  associ 

C  X 

with  those  operators  U  such  that  the  eigenfunctions  of  H  given  by 


(3,1)  <x|H,AiE,a>     -    <  x|U|H  ,A„;E,a  > 


o'  o' 


satisfy  the  boundary  condition 


(3.2)         iim    <  x|H,A;E,a  >  -  <  x|  Hq,A^j  E,a  >  -  0 
x->-oo 


or,  symbolically. 


(3.2a)  lim        <  xlH,A}E,a  >    -    <  x|H^,A^;E,a  >  . 

x-^-oo 


Since  we  shall  work  in  the  continuous  spectrxon  of  H,  we  shall  drop  the  factor 
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^(H  )  for  the  time  being,  since  it  will  always  act  like  the  identity  operator. 


o 

From  U  =•  U  M  we  can  write 


(3.3)  <  x|H,AjE,a  >  -2I3<  ^l^»A;E,a'  >_       <  a' |ti_(E;  |a  >  , 

where  <  a|ix_(E)|a»  >  is  given  by  (of.    ^] ,  Part  I,  Eq.   (5.5)) 
(3.U)  <  H^,A^}E,a|M^|H^,Ag;E',a'  >  -  6(E-E')  <  a|n_(E)|a'  >   . 

From  Eqs.    (3.2a)   and   (2,13)  we  obtain  an  equation  for  <  a||j,  (E)  |a'  >,   namely 


(3.5)  <  x|H^,A^}E,a  >  '22^  x|H^,A^jE,a'  >  <  a'|n_(E)|a  > 

a' 


+  <  X 


|H^,A^jE,-i  >2  ^  -i|S(E)|a'  >  -  6._l^3,  1<  a' ||i_(E)  |a  >. 


On  multiplying  (3.5)  through  by  <  H  ,A  }E",a"|x>  and  integrating  with  respect 
to  x,  and  then  using  the  orthogonality  relation  (2.3),  one  finds  that 


(3.6)      6(E"-E)5^„^^  -  6(E"-E)^6^„^^,  <  a'|njE)|a  > 

+  6(E"-E)5^,,^_^^  ^<  -l|S(E)|a'  >-6.^^a,  ]<  a'|njE)|a  >, 
which  on  renaming  some  of  the  variables,  may  be  rewritten  as 

^^'"^^   ^a,a'  "  <  a|ME)|a'  >  *   6^^.j,Z!  p  -■L|S(E)  |a">  -6.j^,a«]<  a"|iijE)|a'  >. 

Eq.  (3.7)  may  be  regarded  as  an  equation  for  the  matrix  <  a||i._(E)|a'  >.  The   solu- 
tion of  (3.7)  can  be  shown  to  be 
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(3.8)   <  a|ti  (E)|a' 


>  a 


<  -1|S(E)|-H  >  i 

<  -±|S(E)i-l  >       <  -1|S(E)-1  > 


where  we  adopt  the  convention  that  the  first  row  and  column  are  labeled  by  +1  and 
the  second  by  -i,  i.e.,  <  +i|n_(E) (-1  >  »  0.  Eq.  (3»8)  gives  us  M_  in  the  H  - 
repre  sentation . 

From  [6],  Part  I,  Eq.  (5.l5)  we  have 


(J. 9)  W^  -  M^""-  M*"-*-  . 

-1     »-l 

To  find  W  ,  therefore,  we  shall  have  to  obtain  M_  and  M    .We  shall  express 

these  operators  in  terms  of  the  H  -representation.  Let  us  define  <  a|n2  (E)|a'  > 
by 


(J.IO)         <  H^,A^jE,a|M2"*-|HQ,AQjE'>a»  >  -  6(E-E')  <  alM-^-^CE)  |a«  >. 

From  vrh/i_  «  M_M""''  -  ^CH^)*   (where  we  recall   ^(H^)  is  the  identity  in  Hilbert 
space)  it  can  be  shown  that  for  fixed  E  the  quantities  <  a|ji~  (E)|a'  >  are  just 
the  elements  of  the  matrix  which  is  the  inverse  of  the  matrix  whose  elements  are 
<  a|p.  (E)|a'  >,     It  is  then  shown  that 


(3.il)  <  a|ix"-^(E)|a'  > 


1  0 

<-l|S(E)|+l>  <-l|S(E)|-i> 


Let  us  now  define  <  a|M       (E)|a«  >  by 


-  n  - 


(3.12)     <  H^,A^;E,a|M^^|HQ,A^jE«,a'  >  -  5(E-E')  <  a|n*'-^(E)  |a«  >  . 


From  the  fact  that  M  "  -  (M  )"  «  (M~  )  is  the  Hermitian  adjoint  of  M   we  have 


(J. 13)         <  a|/"^(E)|a'  >  -  <  a- jn^-^CE)  |a  >*  . 


If,  as  in   [6]  WB  define  <  a|a)  (E)a'  >  by 


(3.1ii)  <  H  ,A^jE,a|W^|H  ,  A^;E«,a'  >  -  5(E-E')  <  ajoo  (E)  |a'   >  , 


ve  have  from  (3«9) 


(3.15)  <  alo)^(E)|a'  >  -JjJ   <  a|n;-^(E)  |an>  <  a"   |n*'^(E)|a«  >, 


or,  on  using  (3.13)  and  (3.11) 


<  -±|S(E)|+±  > 


♦ 


(3.16)  <  a|co^(E)|a»  > 


c 


<  -1|S(E)|+1  > 
In  deriving  (3.16)  from  (3.15)  we  have  used  the  relation 


(3.17)  I  <  -1|S(E)|-1  >    1^     +      I  <  -1|S(S)|+1  >   1^     -     1, 


which  follows  from  the  fact  that  S*  -  s"  ,  i.e.,  SS*  -  ^(H^). 

For  the  sake  of  completeness,  we  shall  also  give  the  expression  for 
<  a|p.  (E)|«'  >  defined  by 

(3.18)         <  x|H,A;E,a  >  -^  <  x|H,AjE,a'  >^  <  a'|lA^(E)|a  >  , 
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where  <  x|H,AjE,a  >  satisfies  the  boimdary  condition  (3.2a).  The  expression  can 
be  shown  to  be 


-  <  +1|S  (E)l-i  > 


<  +i|S'-'-(EJ|+l  >      <  +1|S""'-(E)  l+i  > 


(3.19)     <  a(ii^(E)|a'  >  - 


U.   The  complex  energy  plane 

In  this  sec^^ion  we  consider  the  analytic  continuation  of  various  quantities 

introduced  above,  and  for  this  purpose  we  introduce  the  complex  E-plane  which  shall 

have  a  cut  along  the  positive  real  axis.  The  results  obtained  here  will  be  useful 

in  later  sections. 

Let  us  first  introduce  the  function  <  xlH  ,A  jE.a  >  •  This  function  is  de- 

o  o 

fined  as  the  analytic  continuation  of  <  x|H  ,A  }E,a  >  vben  E  is  on  the  upper  part 
of  the  cut.  From  (2.2),  we  see  that  when  E  is  in  the  lower  part  of  the  cut 


(U.l)  <x|H^,A^iE,a  >*  -  -i<  x|H^,A^j;E,-a>  . 


One  can  also  introduce  <  x|H  ,A  ;E,a  >"  which  defined  as  being  equal  to  <  x|H  ,A  jE,a  > 
when  E  is  on  the  lower  side  of  the  cut.  Hence,  from  (U.l) 


(U.2) 


<  x|H^,A^}E,a  >   -  i  <x|HQ,A^jE,-a  > 


and 


(U.3) 


<  x|H^,A^jE,a  >"  -  i  <  x|H^,A^}E,-a  > 
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when  E  is  on  the  upper  side  of  the  cut. 

We  can  also  introduce  <  H  ,A  ;E,a|x  >    which  equals  <  H  ,A  }E,a|x  >  when  E  is 
on  the  upper  side  ol"  the   cut.     Then  since 


(U.U)  <  Hg,A^;E,a|x  >     -     <  x|H^,Ag;E,-a  > 


we  have 


(U.5)  <  H^,A^;E,a|x  >*     -     <  x|H^,A^jE,-a  >■*■   . 


Similar iy  one  can  define  <  H  ,A  jE,a|x  >     as  being  the  analytic  continuation  of 
<  H  ,A  }E,a|x  >  when  E  is  at  the  bottcm  of  the  cut,  where  from  (U.U)  it  can  be 
shown  that 


(U.6)  <  H^,A^;E,alx  >"     -     <  x|H^,A^}E,-a  >'     . 


Now  we  define  <  x|H,A}E,a  >     as  the  analytic  continuation  of  <  x|H, A}E,a  > 
when  E  is  on  the  top  of  the  cut.     From  the  integral  eqiation  (2.7)  it  is  clear 
that  when  E  is  at  the  bottom  of  the  cut  we  have 

+  00       +00 

(U.7)         <  x|H,AjE,a  >*  -  -i  <  x|HQ,A^j}E,-a  >  +  ^  t{zy^^^   f         |  dx'dx"  e*  ^  ""^^ 

/-co    /-CD 

<  X'  |V|x«>  <  x»«  |H,A;E,a  >* 


from  which  it  can  be  shown  that 


(U.8)  <  x|H,A}E,a  >*  -  -i  <  x|H,A}E,-a  > 


-  lU  - 


when  E  is  on  the  lower  part  of  the  cut. 

Likewise  one  can  introduce  <  x|H,A}E,a  >"  which  is  the  analytic  continuation 
of  <  x(H,AjE,a  >  defined  on  the  lower  part  of  the  cut.  It  is  clear  from  (U.8) 
that 


(U.9)         <  x|H,A;E,a  >"  -  i  <  x|H,AjE,-a  >^ 

and  that  when  E  is  at  the  top  of  the  cut 

(U.IO)         <  x|H,A}E,a  >'  -  i  <  x|H,AjE,-a  >_  • 

*  + 

The  analytic  continuation  of  <  a|S(E) |a'  >  when  E  is  on  the  top  of  the  cut 
will  be  denoted  by  <  a|SfE)|a'  >*.     From  (2.10),   (U.8),   (U.5),   (U.l),   (2.11), 
(2.12)  we  see  that  when  E  is  at  the  bottom  of  the  cut 


+  00  ■♦ 

(U.U)         <  a|S(E)|a«  >*  -  5^  ^,  +  2ni   j       dx  j 

/-oo      y-c 


+  00  +00 

dx« 

00 


<  HQ,A^}E,-a|x  >  <  x|V|x'  >  <  x' |H,AjE,-a«  >^ 


<  -a|S"^(E)|-a'  >     -    <  -a'|S(E)|-a  >*  , 


where,   as  usual,   the  asterisk  means  complex  conjugate.     We  denote  by  <  a|S(E)|a'  >' 
the  analytic  continuation  of  <  a|S(E)|a'  >  when  E  is  at  the  bottom  of  the  cut.     It 
can  be  shown  that  when  E  is  at  the  top  of  the  cut 


(U.12)  <  a|S(E)|a«  >"     «    <  -a|S"-'-(E)  |-a«  >    -     <  -a«|S(E)|-a  >*  , 
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5.       Extension  of  the  \inperturbed  Haiailtonian.     Diagonal  form  for  the  scattering 

potential. 

In    [6]  we  saw  that  it  is  necessary  to  extend  the  definition  of  the  operator  H 
to  a  space  larger  than  Hilbert  space  in  order  that  the  extended  operator  H     have  the 
same  spectmun  as  H.     In   [^^ J ,  Part  II  the  extension  was  carried  out  by  introducing 
'eigenf unctions'   of  the  extended  operator  H  ,     Here  wb  specialize  this  procedure 
to  the  present  case. 

In  Hilbert  space  H     is  defined  by  the  way  it  acts  in  the  x-representation, 
namely, 

(5.1)  hJ    »     -    1^     . 

dx 

We  shall  require  that  the  extended  space,  H  ,  be  also  given  by   (5»1)»     In  the 
notation  of    [6],  Part  II,  H     is  then  an  x-extended  operator.     With  this  extension 
the  potential  V  has  the  desirable  property  that  it  is  diagonal  in  the  x-representa- 
tion, as  we  shall  show  shortly.     First,  however,  we  shall  obtain  the  additional  eigen- 
functions  necessary  to  complete  the  extended  space.     In  accordance  with   (6],  Part  II 
we  shall  look  for  solutions  of 


(5.2)  H^lH^,A^jE,a>     =     E|H^,AQjE,a> 


for  values  of  E  in  the  vicinity  of  each  E.  which  is  a  point  eigenvalue  of  H  such 
that 


(5.3)         lim    <  x|H^,A^;E,a  >  -  0, 

X->-00 


In  terns  of  the  x-representation  Eq.   (5*2)  becomes 
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.2 
(5.U)  -  -^  <  x|H^,A^;E,a  >  -  E  <  x|H^,A^}E,a  >  . 

dx 

For  a  fixed  negative  value  of  E,  there  is  only  one  solution  which  satisfies  (5.3) « 
We  conclude  therefore  that  the  spectnun  of  the  extended  HaJiiltonian  H  and  the 
point  spectrum  of  H  cannot  be  degenerate. 

Let  us  denote  by  <  x|H  ;E  >  the  suitable  solutions  of  (5.U).  Then  ws  can 
write 

(5.5)      <  x|H^}E  >  -  A(E)  ^"^  "  ^  (-E)-^/^e>^  ""  -  A(E)  <  x|H^,A^jE,-l  >* 

2  ^n 

where  A(E)  is  an  arbitrary  function  of  E  which  has  no  zeros  or  singiilarities  for 
E  <  0.    With  this  choice  of    IH  lE  >  we  take  for  the  bi-orthogonal  vector   |H^jE  >_ 

■  0  O      D 

another  solution  of  (5.2)  or  (5.U)  which  satisfies 


(5.6)      „<H,E|H,E'>  -  6(E-E'). 

DO      O 


It  is  clear  that 

(5.5a)     g<  H^;E|x  >  -  [me)]-^  ^  (-Er"^/"  e"  ^^'^  -  <  H^,A^jE,-l|x  >* 


Also 

(5.5b)     <  H  }E|x  >  -  A*(E)   "  .  '^  ■  (-E)'-'/'*  eV-""  «  i  A*(E)  <  H  ,A  ;E,+l|x  >" 


,-(E)  !!!^  (.E)--^A  e>^  .  i  A*(E)  <  H„,A„;E,.1| 
2  v^ 


In  the  general  vector  space  all  states  <  x|0  >  will  have  the  property  that  they 
are  quadraticaily  integrable   from  x  =    -co  to  any  finite  limit, 

we  shall  now  prove  V  is  diagonal  in  the  x-representation.     We  have 
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f5.7)  eV  =   H  -  H     -  DH  U^  -  H  UU     -   (UH  -H  U)U     -  e(kH     -  H  k)   +   6^(KH  -H  K)K 

O  OO  00  000  vOo"  00 


We  shall  first  calculate   (KH  -H  K)   in  terms  of  the  x-representation.     Since  K  is 
triangular  in  the  x-representation  we  can  always  write 


(5.8)  <  x|k1x'  >     =    -^(x-x')  <  x|P|x'  >  , 


where 


<  x|P|x»  >     =     <  x|K|x«  >  for  x«  <  X, 
(5.9) 

<  x|P|x»  >     ■     an  arbitrary  function,  for  x«  >  x 

V/e  choose  <  x|P|x'  >  so  that  it  is  continuous  at  x  =  x'.     Since  H     is  Hermitian, 
we  have 

2  2 

<  xjKH    |x'  >  «  -  <  x|K  |x«  >  -^ ^  <  x|K  |x'  > 

°  ax'  ax« 

(5.10)  ^2 

■ 2_^'77(x-x')  <  xjPlx'  >. 

ax' 


Now 

^^(x-x')  <  x|P|x'  >  =  -6(x-x')  <  x|P|x'  >  +  '?(x-x')  ^  <  x|P|x'  > 
(5.11) 

«  -5(x-x')  <  xjPjx  >  +    '^(x-x')  ~  <  x|P|x'   >, 


and 
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^2  a 

-2—  7(x-x')  <  x|P|x'  >  -  6'(x-x')  <  x|P|x  >  -  6(x-x')  ~  <  x|P|x  > 

9x1^  °^ 

(5.12)  ^2 

+  -T^Cx-x')  -2_  <  x|P|x«  >. 
Sx' 


Likewise 


2  2 

(5.13)     <  x|H  K|x'  >  .  -  1-p.  <  x|K|x'  >  -  -  i-,  7(x-x')  <  x|P|x'  > 
°  8x  dx 


But 


(5Ji;)  l.'7^(x-X«)   <  x|P|x'   >  -  5(x-x')  <  x|P|x  >  +^(x-x')  ^  <  x|P|x'   > 


and 


s2  H 

£--^(x-x«)  <  x|F|x«  >  «  5«(x-x»)  <  x|P|x  >  +  5(x-x')  ^  <  x|P|x  > 

8x 


(5.15)  ;,  ^2 

+  5(x-x')  ~  <  x|P|x  >  +   ??(x-x')  •^<  x|P|x' 


ax 


In  (5.15)  the  expression  ^<  x|P|x  >  means  that  after  x»  has  been  set  equal  to 
X  in  <  x|P|x'  >,  one  takes  the  derivative  of  <  x|P|x  >  with  respect  to  x»     In 
contrast,  the  expression  -^  <  x|P|x  >  means  that  one  has  taKen  the  derivative  of 
<  x|P|x'  >  with  respect  to  x  and  then  set  x'  equal  to  x.     In  (5.12)  ^~j  <  x|P|x  > 
means  that  one  is  to  take  the  derivative  of  <  xjpjx'  >  with  respect  to  x'  and  then 
set  x'  equal  to  x.     From  (5.11)  -  (5.15),   (5.8),  and  the  fact  that 


|j<  x|P|x>  +  Jt.<  x|P|x>     =    4<^l^l^''» 
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one  can  write 


<  x|KH  -H  K|x»  >  -  26(x-x')  ^<  x|K|x  >  +   '^(x-x') 


(5.16) 


2  2 

-^<  x|K|x'  >  -  -^ 
9x  dx« 


x|K|x'> 


Hence  from  (5.7)   and  the  fact  that  K     is  triangular  in  the  x-representation  we 
have 


2  2 

<  x|V|x'  >  «  26(x-x')   ^<  x|K|x  >  +   ^  (x-x')  ^  -^  <  x|K|x«  >  -  -^  <  x|K|x«  > 

9x  8x' 


(5.17) 


+  2l~  <  x|K  |x  >.<  x|Kq|x'  > 


X    — 


2  2 

•^  <  x|Klx"> ^  <  x|K  |x"> 

ax  3x' 


dx"  <  X"  |K    |x'  > 


Now  from  the  general  theory,  V  is  Hermitian  if  the  generalized  Gelfand-Levitan 
equation  of   [bj   can  be  solved.     Furthermore,   it  will  later  be  shown  that 
<  x|K(x'  >  is  real.     Therefore  the  right-hand  side  of  (5.17)  is  the  sum  of  a 
Hermitian  operator  which  is  diagonal  in  the  x-representation,   and  an  operator 
which,  because  it  is  triangular  in  the  x-representation,  cannot  be  Hermitian. 
Since  the  right-hand  side  must  be  Hermitian,   the  expression  in  brackets  must 
vanish  and  we  are  left  >a.th 


(5.18) 


<  x|V|x'   >     -     6(x-x')  V(x), 


where 
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(5.19)  V(x)     -     2  ^    <  x|K|x  > 


Hence  V  is  diagonal  in  the  x-representation  and  can  be  obtained  from  K  very  simply, 
by  means  of  (5.19). 


6.     The  weight  operator  and  the  Gelfand-I^vitan  equation 

We  shall  now  develop  expressions  for  the  weight  operator  in  terras  of  the  H  - 
representation.     In  accordance  with  the  general  theory,  the  equation  for  K  is 


X 

<  x|K  |x'  >     -     -  <  x|r2|x'  >  -  6   I     <  x|K|x"  >  dx"  <  X"  [Hlx*  >j 

•-00 


where 


(6.2)  cO.   -  W  -   '^(H  ) 


^c  'iKmv  *  Wd^^(v«o^^(-»o)- 


we  have  already  expressed  W  in  terms  of  the  H  -representation  and  have  seen  that 
it  can  be  obtained  in  terms  of  the  reflection  coefficient  of  the  scattering 
operator  (Eqs.  (3.1U)  and  (3.16)).  We  shaH.l  now  obtain  the  expression  for  W. 
in  terms  of  the  H  -representation. 

From  the  general  procedure  discussed  in  [6],  Part  II,  W,  as  given  in  the  H  - 
representation  has  the  form 


(6.3)      B<  H^,A^jE,a|W^|H^,A^;E',b  >b  -  5(E-E')  <  a|a)j(E)  |b  >  , 


where    |H  ,A  jE,a  >„  are  the  bi -orthogonal  eigenf  unctions  (5.5a)  of  H    defined  for 
negative  eigenvalues  E  in  the  neighborhoods  of  the  point  eigenvalues  E.   of  H. 
Since,  in  the  present  case,  these  eigenfunctions  have  no  degeneracy,  we  shall 
write 
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(6.U)  g<  H^,E|W^|H^,E'  >g  -  5(E-E')co^(E)  -  6(E-E')  [c(E)l"-^  , 

where,  in  accordance  with  (6 j ,  Part  II,  the  C(E.  )  are  the  normalization  constants 
of  the  proper  eigenstates  of  H,  that  is, 

(6.5)  <H,E^|H,Ej>  -  C(E^)  5^^  . 

We  shall  now  obtain  e  <  x|Xi-|x'  >  in  the  form 


(6.6)  6  <  xlAjx'  >  -  <  x|(w^-^(H^))^(H^)|x«  >  +  <  x|W^£]5(E^-K^)7(-H^)|x'  >, 


We  note  that 

<  ^l(V^^"oO^(»o)l^'   ^  -Z^r<  ^iV^oJ^*^  ^f  a|c.^(E)|b  >  -  5 J 

(6.7) 

fl{E)dE  <  H^,A^jE,blx'   >. 

On  using  (3. -1-6)   and  (2.2)  we  have 

<x|(w^-<^(H^))^(H^)|x'  > 

00 

«    j  dE  <  xlH^,A^;E,-i  >  <  -±|S(E)|+i  >  <  Hq,;1q;E,+1  |x'  > 
/o 

00 

+   I  dF  <  x|H^,Aq',E,+1  >  <  -1|S(E)  |+±  >*<  H^,A^;E,-±Ix'  > 
/o 


(6.8)  °  ^ 


0 

-  2  Re    I  dE  <  xlH^,A^;E,-l  >  <  -1|S(E)|+1  >  <  H^,A^jE,+l|x'  >, 


0*  o»    »  ^,w,_,,.-.  "o'-o' 


where  Re  means    'real  part',     Eq.   (6.8)  leads  to 
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00  1 


(6.9)         <  x|Cw^-'!^(H^))^(H^)|x«  >  =  Re  ^   f  dE  E       expUi  yf(x+x')J<  -1|S(E)|+1  >. 
We  can  simplifly  (6.9)  by  introducing  the  moroentum  variable  defined  by 


(6.10)  E     -     k^   . 


Then 


00 

(6.11)       <  x|(w^-^(H^))^(H^)|x'  >  -  Re  i  fdk  e"^*'^''*'''^  <  -l|S(k2)|>l  >. 


We  also  have 


<  x|W^2]  ^^V"o^'^  (-H^Mx'  >  =^  [dE  <  x|H^;E  >|c(E)l"-*-6(E^-E)  <  H^}E|x'  > 


(6.12) 


'Zl<^\\i\  >   jf^^ij]"^  ^  "oi^i'^'  ^' 


where  the  integration  is  over  the  intervals   Z^E^.     On  using  (5.5)  we  have 

_  1 
<  xlW^J]  5(E^-H^)':e(-V^'  =*  '  h?^  ^-h^     ^exp[)/^(x+x')][c(E^)]--^|A(E^)| 

(6.13)  -  i-Z2  [c(Ei)]"-'|A(E^)  |^<  xlH^,A^jE^,-l  >* 

<  H„,A„}E.,+l|x'  >*   . 


'o'"©*""!' 


Hence  finally  we  have 
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00 

<  x|n|x'  >  =  2  Re    I  dE  <  x|Hp,A^;E,-l  >  <  -l|S(E)|+i  >  <  H^jA^jEj+lIx'  > 


+  1 


22   |c(E^)]"-^|A(E^)|^  <  x|H^,A^iE^,-i  >*  <  H^,A^;E^,*±|x'  >* 


(6.11i)  i»  _  1 

-l|S(k2)|+i  >  +  ^^  (.E.)"  ^[c(E.)]--^|A(E.)r 


ReiUe^(^*^')< 


exp    y^  (x+x«)     • 


Clearly  <  x|ii|x'  >  is  real.     Tlien  from  the  uniqueness  theorem  it  can  be  shown  that 
<t  x|K|x»  >  is  also  real,  as  stated  in  Section  5« 


7»   The  conditions  on  the  bound  states  and  the  reflection  coefficient. 

In  accordance  with  the  general  theory  of   [V],  we  can  generally  find  the  operators 
D"I+6K,U     =I+6K,   and  therefore  the  complete  set  of  eigenfunctions    |H,A}E,a  > 
=  D |H  ,A  iE,a  >  and   |HjE.   >  «  U|H  jE.  >  correspondiig    to  the  continuous  and  the  dis- 
crete spectrum  of  H  -  UH  U     respectively  whose  normalization  is  given  by  the  matrix 
elements  of  W  «  '^  (H  )  +  6  O.,  where  ii  is  given  by  (6,lli)j   these  eigenfunctions  are 


(7.1)         <  H,A;E,a|H,AjE',a«  >  -  <  H^,A^jE,a  |W~^^  (H^)  |Hp,A^;ESa'  > 

-  <  a|aj"-'-(E)|a'  >  6(E-E')??(E), 


(7.2)  <  H,E^|H,E^  >     -     5^^  C^  , 

(7.3)  <  H,A;E,a|H,E^  >     -     0. 

However,  in  order  to  be  interesting,  our  solution  must  be  such  that  we  are 
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able  to  construct  a  scattering  of  S  in  which  the  reflection  coefficient 

<  -1|S(E)|+1  >  is  the  one  used  to  form  the  weight  operator  VJ.  Toward  this  end 
we  shall  obtain  some  necessary  conditions  on  the  reflection  coefficient,  point 
eigenvalues,  and  normalization  constants. 

■Qie  necessaiy  conditions  follow  from  the  requirements  on  the  rapidity  with 
which  V(x)  must  decay  as  x  approaches  +00  or  -co. 

Let  us  first  discuss  consequences  of  the  decay  of  V(x)  as  x  ->-oo.  If 
V(x)  is  to  decay  sufficiently  rapidly  to  ensure  the  existence  of  a  scattering 
operator,  one  can  show  that  the  outgoing  wave  <  x|H,A}E,a  >_  must  be  unique. 
As  a  consequence  of  this  uniqueness  it  follows  that  we  must  have 

(7.U)      <  x|H,A;E,a  >  ^>  <  x|HQ,A^jE,a  >   as  x  ->-oo. 

In   [6^,  Part  I,   Section  17  we  have  already  discussed  two  requirements  on 

<  x|i2|x«  >  which  ensure  the  validity  of  (7.U).     However,  in  the  present 
application  of  the  general  procedure,  it  turns  out  that  because  <  x|ri|x'  > 

is  a  function  of  x  +  x'   (see   (6,1U))  another  approach  is  useful.     A  sufficient 
condition  for  the  validity  of  (7.U)  is  that  a  positive  number     a    exists  such 
that 

(7.5)  <  x|k|x»  >     5    0,  X    <     -a. 

It  is  clear  that  a  consequence  of  (7.5)   is  that 


(7.6)  V(x)     =     2  ^    <  x|k|x  >     5     0,         f or  X    <     -o. 


i.e.,  that  V(x)  is  cut  off  from  below. 
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We  shall  now  show  that  a  necessary  and  sufficient  condition  for  (7.5)  to 
hold  is 

(7.7)      <  x|n|0  >  2  0,       X  <  -2a, 

and  that  a  necessary  condition  for  (7.7)  and  hence  (7.5)  to  be  valid  is  that  the 
point  eigenvalues  E.  be  the  poles  of  <  -±|S(E)|+i  >  ,  i.e.,  the  analytic  contin- 
uation of  the  reflection  coefficient.  A  sufficient  condition  for  (7.7)  and  (7.5) 
to  hold  is  that  <  +l|S(E)|-l  >*  be  of  the  form  e"^^  '^  '^  f(E)  where  f(E)  behaves 
like  0(E~  '  )  for  |E (  ->  oo  in  ths  cut  complex  plane. 

Let  us  first  prove  that  (7.7)  is  a  necessary  condition  for  (7.5)  to  hold. 
From  (6.IU)  the  following  identity  is  obvious: 

(7.b)  <  x|n|x'  >     -     <x+x'|n|0>. 

Ihe  Geifand-Levitan  equation  (6.1 )  can  then  be  written 


X 

<  x|K|x»  >  -  -  <  x+x'  |n|0  >  -  6   j  <  x|K|x"  >  dx"  <  x"+x»|Q|o  >     (x  >  x'). 

/—CD 


Now  let  x  <  -a.     From  (7.5)  we  have 

(7.10)  <  x+x'  |n|o  >     ■  0  for  X  <  -a,         x«  <  x  <  -a, 

from  which  (7.7)  follows  as  a  necessary  condition. 

Let  us  now  show  the  sufficiency  of  condition  (7.7).  If  we  use  Eq.  (7.7),  then 
Eq.  (7.9)  becomes 
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(7,U)    <  x|K|x«>  -  -  <  x+x«  |n|o  > 

X 

-  e  "^  (x+2a+x')    [  <  xjKlx"  >  dx"  <  x"*  x«  |O|0  >,         (x  <  x'). 

>'-(2a+x') 

When  X  <  -a,  we  have  x  +  x'  <  -  2a  or,  equivalentiy,  x  <  -(2a  +  x'){  hence  the  right- 
hand  side  of  (7.11)  vanishes  and  we  are  left  with  (7»3). 

To  show  the  connection  between  the  singularities  of  <  -  l|S(E)|  +  1  >  and 
the  bound  states  we  note  that  we  can  write  the  expression  for  e  <  x|i2|x'  >  as  an 
integral  in  the  complex  E-plane.  On  using  (U*ll)»  which  gives  the  analytic  con- 
tinuation of  the  matrix  elements  of  the  scattering  operator,  vb   see  that 

<  -  1|S(E)|+  1  >*  -  <  -  1|S(E)|+  1  >* 

where  E  is  at  the  bottom  of  the  cut. 

Hence,  using  this  fact  and  the  fact  that 


(7.12)     <  x|Hq,A^,  E,-1  >*  <  H^,A^}  E,+l|x'   >* 
we  have 


L-^    <  x+x«    |H  ,A  J  E,-1  >       , 
2yn  °    ° 


(7.13) 


c  <  x|n]x'  > 

-     -1—     I     <  -1|S(E)(+  1  >*  (E)"-'-''^  <  x+x«    |Hq,A^j|  E,-1  >*  dE 
♦-i-    6^"/**^;     [c(E^)]-^|A(E^)|^(-E^)-^/^<x+x'|H^,A^}E^,-l>*, 

where  the  contour  y  goes  in  a  clockwise  direction  around  the  cut  in  the  E-plane. 


Imaginary    axis 


(cccccca^^^cccccccc 


Real    axis 


y-  curve 


Fig,  1 
Complex  E-plane 
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Let  us  Introduce  the  momentum  variable  k  ■  ■/?»     The  E-plane  is  then  transformed 
to  the  upper  k-plane.     Let  us  write  b(k)  ■  <  -l|S(k  )|  +  1  >,     From  (U.ll)  it  is 
clear  that  b(-k)  ■  b  (k)  for  reaJ.  k.     We  have 

♦  00 


e  <  X 


m 


^  >  ■  ^  J. 


0(9 


dk  b(k)e"^'^  dk 


1       in/U 
+ e     ' 

2yT? 


r,  [c(E^)]"^|A(E^)|''^(-E^r^/^<  xiH^,A^,  E^,-l  >*. 


If  we  now  assume  that  <  -1|S(E)  |  +!>-*»  e"'^"  f(E)  as   |E  |  -j>oo,  where 
f(E)  ->  OiE'^^^),  we  have 


(7.15) 


b(k)  *  e-^2*^  g(k) 
-1, 


|k|  ->oo. 


where  g(k)  -  f(E)  w>  0(k  )  as  |k|  •*>  oo. 
The  integral  of  Eq»  (7.1U)  becomes 

+  00 


(7.16) 


M. 


/,  X  -ik(x  +  2a)  ,, 
g(k)e   ^     '  dk  . 


00 


When  X  <  -  2a,  one  can  close  the  contour  by  the  infinite  semi-circle  in  the  upper 
half  of  the  k-plane,  since  the  integral  over  this  semi-circle  will  contribute  nothing. 


Imaginary    axis 


Real   axis 


Fig.  2 

Complex  k-plane 
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The   integral  (7 .16)  is  equal  to  the  sum  of  the  residues  of  the  integrand, 
namely,         ^^ 


*£ 


(7.17)  ^      I  ^gC.).-^'''^*^"^    .    iZ:  rj  e-'^^i'  e'**^ 


where  r.  are  the  resides  of  g(k)  at  the  poles  k..     Since  the  integral  must  be 
real  for  all  x,  it  is  clear  that  the  poles  k.  must  lie  on  the  positive  imaginary 
axis*    We  shall  write  k    -  i  T.  where    ^.  are  positive  real  ntmbers  see  (Fig.  2), 
likewise,  ir.  must  be  real. 

Finally,  then,  we  can  write  for  x  <  -  2a 

<  xlHlO  >    .     2  yit  e^«A  i^  r^e^  '^d«  (-Ej)^^  <  x|H^,A^,  £^,-1  >* 


e 

(7.18) 

-f 


2  2 

where  in  the  first  sum  E.  ■  k.  ■     -  T  .  (see  Fig.  1). 

Since  <  x|n|0  >    is  to  vanish  for  x  <  -  2o  it  ig  clear  that  it  is  sufficient 

to  reqiiire  that  the  poles  k.  of  g(k)  be  equal  to  i  y-  E .'  ,  where  E^  are  the  point 

eigenvalues  of  H,  and  that 

(7a9)  IP^^)]"'"   l^^^i^l     ■     -  ^^^±  ^±  exp[2rio]  o 

From  (7.19)  it  is  seen  that  r.  must  be  a  positive  imaginary  number  in  order  that 
C(E. )  be  positive. 

On  using  (7.19)  in  (7.1U)  we  obtain 

(7.Ua)  e  <  x|n|o  >    -    ^     f     dk  b(k)  e"^^  -  1^    re     ^  ^*  °'     . 


°"    "    ^    /.oo'^''^'^'"'^"'^    'j 


One  then  obtains  the  results  in  terms  of  the  notation  of  the  introduction  by  writing 

<  X |H,Aj  E,a  >    -    -i—    E"-*-'**  T.  (x) 

2yn 

vhere  k  ■  a"/F  « 

We  have  given  sufficient  conditions  for  the  reproduction  of  the  reflection 
coefficient  <  -1|S(E)  |  +  1  >,  in  particular,  the  condition  that  V(x)  ■  0  for 
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X  <  -  a.     However,  we  are  not  as  yet  able  to  obtain  conditions  to  gtiarantee  the 
vanishing  of  V(x)  for  x  sufficiently  largeo     This  vanishing  is  a  necessary  con- 
dition for  the  full  scattering  operator  to  exist.     It  is,  in  fact,  possible  to 
give  examples  where  the  prescribed  reflection  coefficient  exists,  but  where  the 
full  scattering  operator  does  not  existo 

Incidentally,  the  use  of  a  triangular  operator     <  x|K|x»   >    \rtiich  vanishss 
when  X  <  -  a     has  the  consequence  that  <  x|H,Aj  E,a  >  -  <  x|U|H  ,A  |  E,a  >     is  an 
analytic  function  of  E  in  the  complex  E-plane,     Furthermore,  the  bound  states 
<  x|H,E.  >    can  be  obtained  from  the  analytic  continuation  of  <  x|H,A|  E,-l  >• 
In  fact 

(7<,20)       <  x|H,Aj  E^,-l  >*  -     <  x|U|Hq,A^j  E^,-1  >*  -      [a(E^ )]"■'•  <  x|H,E^  >     . 

Usually  one  chooses  the  arbitrary  function  A(E.)  to  be  unity,  to  simplify  the 
relation  (7o20).     However,   to  obtain  the  results  in  terms  of  the  notation  of 
the  introduction,  we  write 


A(E^)     -     2>f!i    exp(inA)   (-E^)^'^     . 


8*     Examples 

We  shall  now  discuss  three  examples.     In  what  follows  we  shall  take  e  ■  1 
for  slMplicity. 

A)     The  repiilsive  6-function  potential 

Let  us  consider  the  case  where 

(8.1)         <.1|S(E)|+1>    -     -iAexp[-2iyEa]  ^  ^^  ^  ^^ 

2  W-'^   ♦  i  A 

or  equivalent ly 

-  iA/2  expf-  2iko| 

(8c2)  b(k)   -  ^ d 

k  +  -^ 

We  see  that  b(-k)  «  b  (k)  (for  real  k)  as  required.  Furthermore,  b(k)  ■  0(k"  ) 
for  |k|  -i^oo.  Since  b(k)  has  no  poles  on  the  positive  imaginary  axis,  there  will 
be  no  boxind  states. 
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From  (1,8)  we  have 

<  x|n|x»  >    -    <  X  +  X'  |Q|o  > 

-iA     (^        dk        , 

■   —  — U  * 

Un      ;-oo    k  ♦  ^ 
'fJ(x  +  x«+  2a)  e 


'  "^         dk  -ik(x  ♦  x'+  2a) 

TK    * 

_^  "^      -  I  (x  ♦  xt+  2a) 


"Hie  Gelfand-Levitan  equation  (1.7)  is 

^     ivi   .  A^,        .  ,   X  "  2^''*'''*^*'^  +^     (x+x«+2a)      f  <x|K|x-> 

<x|K|x«>     -     y'^(x+x»+2a)e  2  ^-(2a+x«) 

(8«U)  -  4  (x-  +  X'   +  2a) 

•    ''^(x"  +  x'+  2o)  e  dx«       . 

It  is  easily  verified  that  the  solution  of  (8.U)  is 

(8.5)  <  x|K|x»  >  -  ^7(x  +  x'+2a)  x»  <  x  • 
Hence  on  using  the  potential  V(x)  is 

(8.6)  V(x)  -  2  ^  I  ^(2x  +  2a)  -  A  5(x  +  a)  • 

It  is  clear  that  V(x)  •  0    and  <  x|K|x«  >  «  0  irtien  x  <  -  o  as  required. 

2   2 

Ihe  eigenfimcti  ons  of  H  -  -  d  /dx  ♦  A  5(x  ♦  a)  are  given  by 

+  00 

<x|H,A}E,a>     -     <  x|H^,A^|E,a  >  ♦  ^     [      ^Cx+x»+2a)  <  x»  |H^,A^|  E,a  >  dx« 

;-oo 

-  <x|  H  ,A^|E,a  >  +  |'J?(x+a)      (  <  x' |H^^,A^jE,a  >  dx« 

(8.7)  ^-^"*'°^ 

-  <  x|Hq,Aq}  E,a  >  -  l^'3^(x+a)E''^''^ 


•    [<x|Hj,,A^j  E,a  >  -  <  x+2a|HQ,A^j|  E,-a  >'^ 
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We  shall  now  calctilate  the  scattering  operator  for  the  problem.     Toward  this  end  we 
shall  use 

(6.8)  S     -     M^  M"-*- 

(Cf.    [b].  Part  I,  Eq.   (5.11))     or  equivalently 

(8.9)  <a|S(E)|b>    -   211    <  a|l*+(E)!c  ><  c|n2^  (E)|b  > 

c 

Hence  we  shall  have  to  evaluate  <  a|M    |b  >  and  <  a|M"     (E)  |b  >  , 
FYora    [6],  Part  I,  Eqo   (5.1)  we  have 

(8.10)  M_^  -     U  -      I     Y+   (E  -  H^)V  U  6(E  -  H„)  dE 


0'  '  o' 


If  there  were  bound  states,   the  above  equation  would  have  to  be  replaced  by 
(8.11)  M^    l^(H^)     -     U    ^(H^)  -     J     Y+   (E  -  Hq)V  U  ^(H^)6(E  -  H^)dE      . 

Equation  (8.10)  is  equivalent  to 

-     <  x|H,A}E,a  >  ♦  ^  (E)  "^'^     J       exp U  i  yff  |x-x'  |lv(x')  <  x«  |H,AjE,a  >  dx» 

In  obtaining  (8.12)  from  (8.10)  we  used  Eqs.   (3.10)  and  (2.7a). 
On  using  (8.6)  and  (8,7)  we  have  for  x  <  -  a 

T;  <  x|Hq,A^j  E,a'   ><  a'  |ti^(E)  |a  > 

(8.13) 

•  a  > 


;|H^j,A^}  E,a  >  7  ^  (E)"-^^exp[i  i  >/?  (x+a)]  <  -alH^jA^,  E,< 


or 


^  <  x|H^,A^j  E,a'  ><  a' |n^(E)  |a  > 

<  x|Hq,Aq|  E,a  >  7  ^  E"-'-^exp[-la(a7i)  ylPj  <  xlH^jA^j  F,   ♦  1 


(8olU) 

O'    O 
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Since  <  a|tjL^(E)|a«  >    must  be  independent  of  x,  we  have 

(8.13)      <  a|ME)|a'  >    _      ,  ^     , 

Ai  ^'^''^      -2iaV^              -.       Ai  e""*-/^ 
2    '    '    e  '  1  + «- 


1  -  ^  ^    •  _  Ai  E  "^^^     ^2ia  yF 


Ai  E-^/2  ^^   ir-V2 

(8.16)       <  a|^l^(E)|a»   >    - 


Since  the  matrix  <  b.\\i^     (E)|a'  >    is  just  the  reciprocal  of  <  a|p,  (E)|a'  >  we 
see  that 

1  0 

(8a7)      <a|n;^  (E)|at  > 

-Aie-2^V^  2VF 


2yE+iA  2yE'+iA 

Finally  on  using  (8.9) 

2Vg  -    lAe^^V^ 

2Vtr+iA  2y!r  +  iA 

(8.18)      <  a|S(E)|a«  > 

-Aie-^«vF  2yTr 

2v^  +  iA  2yF+iA 

-  Ai  e"^^<*  '^ 
Ihe  reflection  coefficient  <  -1|S(E)  |  +  1  >  -  is  just  the  one  we 

2  VF  +  i  A 
started  with,  ' 
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B)     The  attractive  6-function  potential 

Let  us  now  consider  the  reflection  coefficient 


(8.19)  <-l|S(E)|+l>    -    LH ,  B>0 

2yF-  i  B 
or 


iB/? 


^-2iak 
(8o?0)  b(k)     -     y^'  \  g 

k  --2- 

In  this  case  there  is  a  boxmd  state,  since  b(k)  has  a  singularity  on  the  positive 
imaginary  axis.  In  fact  we  have 

r   -  s 

(6,21)  '   ^  "  ^ 


and  the  boimd  state  E-  is  given  by 


(6.22)  E,  -    -  T^    -        ^ 


We  have 


:|n|x.  >    -    ^     f     b(k)  e" 
J-co 


<  xU  i|x«  >    -    ^     I      b(k)  e  -^v—  'dk  -  i  r^  e 


B 


,         /«>     -iic(x+x'+2a)  p     I  (x+x'+2a) 

iB      f        e ^ dk.|e2 

inr  J  00     k-^ 
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I  (x+x«+2a)     3     I  (x+x'+2o) 


(8.23)  B  ,        .  .   X  B 


-  J  '^(-x>x«-2a)  e' 

I  (x+x'*2a) 
J   <^(x+x»+2a)     e^ 


The  solution  of  the  Gelf and- Levi tan  equation  is 

(8.2U)  <x|K|x«>    -    -|    '^(x+x'+2a; 


+  ;r  e 
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and  the  potential  V(x)  is 

(8.25)  V(x}   -  2  ^<  x|K|x  >    -     -  B  6(x  +  a)     . 

The  eigenfunctions  of  the  continuous  spectrum  are 

<  x|H,Aj  E,a  >    -    <  x|Hq,AqJ  E,a  >  ♦  ^  ^(x+a )(£)"■' ''^ 

(8.26) 

.   |<  x|Hq,A^j}  E,a  >  -  <  x+2o|Hq,A^j|  E,-a  >J 

b2 
while  the  proper  eigenfunction  corresponding  to  the  eigenvalue  E_   ■  -  -r-    is  on 

using  (7.20)  and  (5.5) 


<  x|H,Ej^  >     -     A(E^)  <  x|H,A}  E^,-l  >* 

(6.27) 

A(Ej^) 


L.    exp[~^-|^     exp[l|f  (x+a)i] 


2  yli 
%rtiere,  in  accordance  with  (7.19)  and  (8,21) 

(6o28)  |c(Ei)]"^  |A(E^)I^-  ^nr-  ^"^J?^ 


We  can  choose  wither  A(E, ),  in  which  case  the  normalization  C(E, )  is  determined 
[E^ )  in  which  case  A(E- )  is 
It  can  also  be  shown  that 


or  C(E^)  in  which  case  A(E-)  is  detennined  to  within  a  phase  factor. 


(6.29)    <  a|tijE)|a»  >  - 


1 

0 

Bi  E-^/2  e- 

.2iayF 

1  - 

Bi  E-1^ 

2 

2 

t 

1 

^  Bi  E-1/2 

|i 

E-iA 

2iaVE' 

(8,30)    <  a|n^(E)|a'  >  - 
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-1 


(8.31)         <  alM.;-^  (E)|a«   > 


(8o32)         <  a|S(E)|a»   > 


2  ylT  -  i  B 

2  yE" 

2yF  -  i  B 

Bi  e-^^°  ^ 
2yF  -  i  B 


2  yF 


2yE  -  i  B 
IB  e^^°  >^ 

2  yE"  -  i  B 

2yE 
2y!r  -  i  B 


C)  A  more  complicated  example 

We  shall  now  sianmarize  the  results  of  a  more  complicated  example  discussed  in 
more  detail  in  [?}• 

Let  us  find  the  potential  whose  reflection  coefficient  is  given  by 


(8.33) 

or 

(8.3U) 


<-l|S(E)|+l>    -    -  exp[.?iayF]  g^      . 


b(k)       -     -  e 


-i2ak 


(k-Ki)(ic-i)      • 


Tliere  is  only  one  pole  in  the  upper  k-plane,  namely  k.   ■    i,  and  hence  we  can  calcu- 
late the  quantities  associated  with  the  bound  states: 

f  r, .  1  . 


(6.35) 


'"l  ■    7    ' 


E^  -    -  1  , 


Also 
(8.36) 


<x|n|x' 


C"^(E^)|A(E^)|^  -     2ne^«     . 


'^(x+x»+2a)  sinh  (x-t-x'+2a)     • 
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Then  it  can  be  shown  that  the  solution  of  the  Gelfand-Levitan  equation  is 

(8.37)  <x|K|x.  >    -    -  J:-  <^(x«.*2a)     ^inh /?  (x-^g)  >  sinh  y?  (xUg)     ^ 

/?  cosh  y7  (x  +  a) 

The  potential  V(x)  is 

(8.38)  V(x)     -     2^<x|K|x>    -     -  U  ^(x+a)  sechV?  (x+o)     • 

The  eigenf\xnctions  of  the  continuous  spectrum  are  given  by 

<  xlH,A,  E,a  >    -     lii:^    expfia  /F  xl  -  ^^^^    M^!^    expf-ia  yff  ol 

(8,3S>)  •  Jtanhy?(x+a)|a(E+2)sin  a  y!r(X+a)  -  ia  E  cos  a /^(x+a)! 

+  y?  i  )^  sin  a  yE"(x+a) 

The  single  eigenstate  coire spending  to  a  point  eigenvalue  is  given  by 

(6.U0)    <  x|H,F^  >  -  A(E,  )e-^"/^  i  -^  +  ^S^^lSl  e-^ftanh  y?(x+a)e-(^*°^-/?8inh(x+a)l 
■^        •*■       I  2)/n   y?P      l-  -J 

It  is  readily  verified  that     lira      <  x|H,E^  >  -  0. 

x-c»+oo 
We  also  derive  using  the  methods  of  Part  A 


(8,U1)        <  a|njE)|a'  >    - 


expr-2i  yF  a]  E  +  1 


(8eU2)        <  a|n3  (E)|a«  >  - 


yF  (yr:  +  i  y?)  /et  (/f  +  i  /?) 

1  0 

-  exp[-2i  ys  a]  yE"  (yF  +  i  y7) 

(E  +1)  (E  ♦  1) 


(8.U3)        <  a|n^(E)|a»  >    - 


(8,UU)        <a|S(E)|a« 
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y^  (E  +  2)  yE"  (E  +  2) 


1 


>^  (yg  .  i  y?)  exp[2iayg](yg.iy7)^ 

(E  +1)  (E  +  2)  (E  ♦  1) 

exp[-2ia  yP)]  yTT  (ys  +  i  y?) 


(E  +1)  (E  +  1) 


In   [?]  it  is  shown  how  one  may  solve  the  Gelf and-Levitan  equation  when  one  is 
given  any  reflection  coefficient  >rtiich  is  a  rational  function  of  y^.     In  such  a  case, 
the  Gelfand-Levitan  equation  reduces  to  a  system  of  algebraic  equations  for  which  a 
procedure  for  solving  them  can  be  found.     The  method  is  analogous  to  that  used 
by  V.  Bargmann  for  the  radial  equation. 
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